COMMUTING DIFFERENTIAL OPERATORS 
WITH REGULAR SINGULARITIES 



TOSHIO OSHIMA 



Abstract. We study a system of partial differential equations defined by 
commuting family of differential operators with regular singularities. We con- 
struct ideally analytic solutions depending on a holomorphic parameter. We 
give some explicit examples of differential operators related to SL{n,K} and 
completely integrable quantum systems. 



1. Introduction 

The invariant differential operators on a scmisimplc symmetric space have reg- 
ular singularities along the boundaries of the space which is realized in a compact 
manifold by [06] . In the case of a Riemannian symmetric space G/K, the study of 
such operators in |KOj enables |K-j to have the Poisson integral expression of any 
simultaneous eigenfunction of the operators. Here G is a connected real semisimple 
Lie group with finite center and K is its maximal compact subgroup. 

In the case of the group manifold G, which is an example of a semisimple sym- 
metric space, Harish- Chandra gives an asymptotic expansion of a right and left 
fC-finite eigenfunction, which plays an important role in the harmonic analysis on 
G (cf. [Ha]). He uses only the Casimir operator to get the asymptotic expansion, 
which suggests us that one operator controls other operators together with some 
geometry. 

On the other hand, the Schrodinger operator corresponding to Calogero-Moser- 
Sutherland system with a trigonometric potential function (cf. |Suj ) or a Toda 
finite chain (cf. [To] ) is completely integrable and the integrals with higher orders 
are uniquely characterized by the Schrodinger operator and so are the simultaneous 
eigenf unctions. These integrals also have regular singularities at infinity. 

In this note we study a general commuting system of differential operators with 
regular singularities by paying attention to the fact that an operator characterizes 
the system. Our argument used in this note is based on expansions in power series 
and hence it is rather elementary compared to that in |K0| and j04| where a 
microlocal method is used. 

In fact wc will study matrices of differential operators which may not commute 
with others in the system but satisfy a certain condition because it is better to do 
so even in the study of commuting scalar differential operators. Some of its reasons 
will be revealed in the proof of Theorem 14.11 that of Theorem 16.31 Remark 14.31 ii) 
etc. 

In we study differential operators which commute one operator. We will see 
that the symbol map a* plays an important role. In the case of the first example 
above the map corresponds to Harish-Chandra's isomorphism of the invariant dif- 
ferential operators. In the case of the Schrodinger operator above it corresponds to 
the commutativity among the integrals with higher orders. 

In we construct some of multivalued holomorphic solutions of the system 
around the singular points which we call ideally analytic solutions and then in ^ 
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we study the induced equations of other operators, which assures that the solutions 
automatically satisfy some other differential equations. 

In f}5] we study the holonomic system of differential equations with constant 
coefficients holomorphically depending on a parameter, which controls the leading 
terms of the ideally analytic solutions. 

In SJH] we study a complete system of differential equations with regular singu- 
larities which means that the system is sufficient to formulate a boundary value 
problem along the singularities and we describe all the ideally analytic solutions. In 
particular, when the system has a holomorphic parameter, we construct solutions 
depending holomorphically on the parameter. It is in fact useful to introduce a 
parameter for the study of a specific system by holomorphically deforming it to 
generic simpler ones. 

In Sj7]and fJHlwe give some explicit examples of the systems related to SL{n,M.) 
and the completely integrable quantum systems with regular singularities at infinity, 
respectively. Moreover we give Theorem 18.11 in the case of completely integrable 
quantum systems with two variables. 

2. Commuting differential operators with regular singularities 

For a positive integer m and a ring R we will denote by M{m, R) the ring of 
square matrices of size m with components in R and by R[^] the ring of polynomials 
of n indeterminates {^i, . . . ,^„} if C = • ■ • ,Cn)- The (i, j)-component of A G 
M{m, R) is denoted by Aij and we naturally identify Af (1, R) with R. 

Let M be an (n + n')-dimensional real analytic manifold and let Ni be one- 
codimensional submanifolds of M such that Ni, . . . , Nn are normally crossing at 
N = Ni O ■ ■ ■ O Nn- We assume that M and N are connected. We will fix a local 
coordinate system {t,x) = (^i, . . . , i„, xi, . . . , Xn') around a point x° G N so that 
Ni are defined by the equations ti = 0, respectively. 

Let An denote the space of real analytic functions on N and Am the space of 
real analytic functions defined on a neighborhood of in A/. For a = (ai, . . . , an), 
/3= (/3i,...,^„) G Z" we put 

\a\ — ai + ■ ■ ■ + an, 

a < (3 ai < Pi for i = 1, . . . , n and a ^ [3. 

Let N be the set of non-negative integers. We will denote 

',9 — / -S. f) — ( _§_ d \ 

,9" = . for a = (ai,. .. ,a„) £ N", 

' = , 1^,, for /3 = (/3i, . . . , /3„0 G N"', 

OX-^ ■ -OX , 

f = ti' ■ • for A = (Ai, . . . , A„) e C". 

Let Vm and 2? at denote the rings of differential operators on M and N with 
coefficients in Am and An, respectively. 

Definition 2.1. Let denote the subring of Vm whose elements P have the form 

(2.1) P= ^ a„,;3(i,a;)i9"af with ao,,p{t,x) e Am- 

(a,/3)eN"+"' 

Here the sum above is finite. Moreover denotes the subring of whose elements 
P of the form ([2?T|) satisfy 

(2.2) acj3{Q,x) =0 ii P^Q. 

When P is an element of I?*, P is said to have regular singularities in the weak 
sense along the set of walls {Ni, . . . , Nn} with the edge N (cf. [KOj ). 



COMMUTING DIFFERENTIAL OPERATORS WITH REGULAR SINGULARITIES 



3 



Let define a map cr* of to I?Ar[^] by 

for P in (121]). Then 

t-^Pt^(l>{t,x) cr4P)(a;,A,a^)0(O,a;) for (/. e and A G C". 

Here we note tliat the condition P e equals 

t~^Pt^(f>{t,x) e Am for y(f>{t,x) e Am 

and is a ring homomorphism of to I?Ar[^] and a^,{'D^) — An[^]- 
For A: e N and P e T>^ with the form ((TT|) we put 



and then the order of P, which is denoted by ordP, is the maximal integer k with 

afc(P) 0. 

For P = (^-PyJ i<i<m ^ -A/(m,I?*), the order of P is defined to be the maximal 

l<j<m 

order of the components of P and denoted by ordP. We put 



1<J<?71 

a.(P) := ('T.(P.,))i<,<„ e M{m,VN[i]), 

l<j<m 

a,(P) :=fT(P)(0,x,e,a,) e M{m,VNm- 

Then as a polynomial of ^, ct* (P) is the homogeneous part of cr* (P) whose degree 
equals ordP. For P, Q G I?*, we note that a{PQ) = a{P)cr{Q) and 

da{P) da{Q) da{Q) da{P) 



n 



dTj dxj dTj dxj 



Theorem 2.2. Let P and Q be nonzero elements of M{m, I?*) such that [P, Q] — 0, 
P G Mim^V^) and (t{P) is a scalar matrix satisfying 



(2.3) J2 7^^5P ^ /"'^ V7 e N" \ {0} 



Here 0" means "not identically zero". Suppose that (TordP-i(-P) or cr(Q) is a 
scalar matrix. Then [a^,{P),a.i,{Q)] — and a^,{Q) ^ 0. Moreover ifa{P){t,x,^,T) 
does not depend on t, so does a{Q){t,x,^,T). 

Proof. Since cr* is an algebra homomorphism, [a^{P),a^{Q)] ~ cr*{[P,Q]) = 0. 

Put rp = ordP and rg = ordQ. Fix i and j such that (JrQiQij) 7^ 0. Note that 
the assumption implies 

'^rp+rQ-li[P,Qlij) = <^rp+rQ-l{[Pll,Q2j])- 

Put 



/3,7 /3,7 
\f3\<rp \f3\<rQ 
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0,1 
\P\<rp+rQ-l 



T' 



and choose (/3°,7°) G N"'+" such that 

9/3,7 = if 7 < 7°, 
[q0,jo=O if/3>/3°. 

Then 

(2.4) «.o,7"FV^° = ^7°) ('Z.^^-i^^ 

which proves the first claim in the theorem because the condition [P, Q] = with 
the assumption of the theorem means 7° = 0. 

Moreover suppose pfj^j = for 7 7^ 0. Tlicn (|2.4p is valid for any 7° e N" and 
po g p^n satisfying g^^o — for (3 > (3° and hence the condition [P, Q] = means 
g^o ,^0 = if 7° 7^ 0. Thus g/3.7° = if 7° 7^ 0. □ 

Corollary 2.3. Let P e Mijn^'D^,) such that cr(P) and o'oidP-i(P) are scalar 
matrices. Suppose a^{P) satisfies ()2.3|) . T/ien i/ie map 

a* : M{m,V,f := {Q G M{m,V,) ; [F, Q] = 0} ^ M(m,Pjvra), 

is an injective algebra homomorphism. 

In particular, when m = 1, T)^ := {Q G I?* ; [P, Q] ~ 0} is commutative. 

Proof. Since a* is an algebra homomorphism and the condition Qi, Q2 G M{m, 2?*)^ 
implies [Qi,Q2] G M{m,'D^,)^ , this corollary is a direct consequence of Theo- 
rem [SIl □ 



Remark 2.4. i) Retain the notation in Theorem 12.21 Then (|2.3p is valid for P G 
M{m,'D^) if n functions ^'^i/^^ ; ■ ■ ■ 1 ^"^^^^ are linearly independent over M. In 
particular, if ordP = 2 and f7*(P) is a scalar matrix, the condition that 

. ( d'^P \ 

the matrix — — - — is invertible for generic x G N 

J l<i<n 
l<j<n 

implies p.3p . Here p is the diagonal element of ct* (P) . 

ii) The assumption P G M{m,'D^,) is necessary in Theorem 12.21 For example, 
[t-§^ + x-g^,t-§^] = and cF*{t-§^) — 0. Moreover we note that 



A /o i 



t^ + i/'Vo 



= 0. 



This gives an example such that crordP-i(^') and cr{Q) are not scalar matrices. 

iii) The invariant differential operators on a Riemannian symmetric space G / K 
of non-compact type have regular singularities along the boundaries of a realization 
of the space constructed by [02J and the map cr* of to y^jvK] in Corollary [2] 
corresponds to Harish- Chandra isomorphism (cf. |K-j ) . 

The element of the universal enveloping algebra U{q) of the Lie algebra of G 
defines a differential operator on the realization oi G/K through the infinitesimal 
action of the left translation by elements of G. Then the differential operator is an 
element of . 

Moreover the invariant differential operators on a semisimple symmetric space 
whose rank is larger than its real rank are in I?* (cf. |04| ). 
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The radial parts of the Casimh' operator acting on X-finite sections of certain 
homogeneous vector bundle of G satisfy the assumption of Theorem 12.21 (cf . ()7.4p 
and (17. 5p for examples). 

3. Ideally analytic solutions without logarithmic terms 
For a subset E of N" define 

S: = {aeN"; {a + 7; 7GN"}nS^0}, 

n 

i9S : = {a e N" \ E ; there exists 7 e E such that ^ \ai - 7^! = 1}. 

i=l 

Moreover we denote by Am the ring of formal power series of i = (ti, . . . , t„) with 
coefficients in ^^v- 

Theorem 3.1. Let P e M{m,V^). 

i) Let T, be a subset of N" such that 

det(CT*(P)(a;,7)) ^ for V7 G N" \ E. 

Let u{t, x) = X^qgN" Uai^)^^ G -^Ti formal solution of Pit = 0. Then ii ~ Q if 
Ua — for Va £ E. 

Hereafter in this theorem suppose 

(3.1) detCT,(F)(x,e) 7^ /orVC = (6,- ••,C«) e [0,00)" \{0} anrfVxe Af. 

ii) //u e yi^} satisfies Pu £ A™j, then u G A"j^j. 

ill) Fix f G A"j^j, a point x° £ N and a finite subset E ofN" such that 
det(cr,(P)(x°,7)) ^ for V7 G N" \ E. 
By shrinking M 3 x° if necessary and denoting 

AM{P-^f) ■.= {u£AZ;Pu = f}, 

AMiP-'ff := {S - 5] u^ix)e £ATi;Pu=f mod ^ A"^jt''}, 

the natural restriction map 

AM{P-'f) ^ AM{P-'ff, "«(^)*" ^ E ^"(^)^" 

?s a bijection. Here in particular 

AMiP-'f)^'^ ={u£A'}};a4P){x,0)u = f\t^o}. 

Proof. The proof proceeds in a similar way as in [03, Theorem 2.1] where we studies 
the same problem with n = 1. 

We may assume x° — 0. Expanding functions in convergent power series of {t, x) 
at (0, 0), we will prove the theorem in a neighborhood of (0, 0). 

Put r = ordP and 

P^a4P){x,d)+ J2 PcAt.^Wdl 

(a,/3)eN"+"' 
|a| + |/3|<r 

Then Pa,/3(0, a;) = 0. For a finite subset E C N" and 

U{t,x) = Ua.{x)t'' £AZ, 

put 

u{t,x) — ^ Ua{x)t°'. 
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Suppose Pu = f mod Eaess -Ki*"- Put /i = / - Pu. Then 
and 

Pu = / Pu = h with u = u — u. 
Then the equation Pu = / is equal to 

(j^{P)(x,d)u = h- po,^fi{t,x)'&°'d^u. 

(a,/3)GN"+"' 
\a\ + \f3\<r 

u — Ua{x)t°' with Ma (a;) = 



for a G S, 



qGN" 

which also equals 

a^{P){x,a")uao{x) = hao{x) 
(3.2) - Coef^") of ( Y Pc.At,xWd^){^ J2 ""(^)*" 

(a,/3)eN"+"' I "SN'* 

V| + |/3|<r l"l<l" I 

for Va° G N" \ S. Here "Coef(r°)" means "the coefHcient of 

Since dettT*(P)(a;,7) 7^ for 7 G N" \ S, Uao(x) is inductively determined by h. 

On the other hand, putting h = Q, it is clear that the claim i) follows from the 
induction proving u^o = by for Va° G N" \ S. 

Put 

Ua{x) — Ua,/3X^ with Uq,;3 G C. 

The equation p.2p equals 

= /ia„,;3 + Coef(x'^°) of (fT,(P)(0,a°)-(T4P)(x,a°))( ^ u„o,^a;^ 



l/3|<l/3°l 

\a\ + \P\<r |Q|<|a°| 



Coef(r°a;''°) of ( ^ pa,;3(i, ) ( ^ 



(Q,/3)eN" + "' (q,/3)gN" + 



for any a° G N" \ S and /3° G N" . Hence the elements Mqo./jq of C™ satisfying 
this equation are uniquely and inductively determined in the lexicographic order of 
{\a°\, \f3°\). Thus to complete the proof we have only to prove that J2 Ua,^^^^^ is 
a convergent power series. Here we may assume E 3 {0}. 

In general, for formal power series V' = S cia,f3t"x'^ and (f> = ^ ha.pf^x^ we 
denote ^/^ <C if Ioq^^I < ha^p for Va, /? and in this case (f) is called a majorant 
series of ■)/'. Note that if is a convergent power series, so is V'- 

Now assume p.ip . We note that there exists e > such that 

|detCT4P)(0,OI >e(a + ---+eO""' for V^G [0,00)". 
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As in the proof of f03' Theorem 2.1], we can choose C > 0, c > 0, M > and 
ii" > 1 so that for V(a, P) G N"+"' and V7 G N" \ S 

cm|(a.(P)(0,7)-^),^.|<nW7|-j)"'' 

Here i and j represent the indices of square matrices or vectors of size m. Hence 
the power series w{s,y) of {s,y) satisfying 



ON Cmin + n'Ys/' 

j+fc<r V y 



u;(0,y) =0 

imphes 

(u{t,x) — 7/0(2;)^")^ ^ + • • • + xi + • • • + x„') for 1 < i < m. 

Put s — z^. Then p.3p changes into 

Cmy \ ■r-^ Cm{n + n'Y f z d \i d'^w 



(3.4) 



/ umy \ w um[n + n y z I z y 

Mz"" 



— - =0 for .7 = 0, ...,r-l. 

az^ 2=0 

Since the first equation in the above is equivalent to 

Cmy \d'^w x - Cm{n + n'Y (z d \3 d'^w M 



/ umy \0 'w ^ om(n + nj' /2; ay 



ly) dz"^ I — K{z^ + y)\r dzJ dy^ l — K{z'^ + y)^ 

31) has a unique solution of power series of (y, z), which is assured to be analytic at 
the origin by Cauchy-Kowalevsky's theorem. In fact for a sufficiently large positive 
number L, the solution of the ordinary differential equation 

Cmt \ ^ Cm{n + n'YL-^ (t d\J M 



V l-Kt) ^' ^ 1-Kt \rdtJ ^' 1 

'j+k<r 

w'-^^ (0) = for j = 0, . . . , r - 1 

with 

\t = z + Ly, 
I cL'' > Cm{n + n'f 



Kt' 
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satisfies w{z, y) <C w{z + Ly). Hence u is also a convergent power series. □ 

Let (.he a, non-negative integer and let U be an open connected neighborhood of a 
point z° of and let Ou be the space of holomorphic functions on U. We denote 
by U-A.M and u^n the space of real analytic functions on M with holomorphic 
parameter z Cz U and that on N with holomorphic parameter z € U, respectively. 
Moreover we denote by u-^m the space of formal power series of t = . . . ,<n) 
with coefficients in uAj^. Let c/D, denote the ring of differential operators P of the 
form 

f -P = E(a,/3)eN-+''' aaAi^ a;, , 
\aa,/3 e i7>ljV, aa,i3{0,x,z) = if /? > 0. 

Then c74P)(a;,^,0 := EaPa,o(0,a;,^)e" e c/^wK]. 

Theorem 3.2. Let P e M{m,uD^) and X{z) = {Xi{z), . . . ,Xniz)) G C^. 

i) Lei T: he a subset of N" smc/i t/iat 

det(CT,(P)(a;, ^, A(2) + 7)) # for V7 € N" \ S. 

iei X, z) = EasN" z)t'^ e satisfying P(i^(^)0) = 0. T/ien (j) = if 
= /or Va G S. 

Hereafter in this theorem suppose P satisfies 
(3.5) deta4P){x,z,^) j^O fornix, z, ^) e N x U x {[0,oo)''\{0}}. 

ii) If(p{t,x,z) e (7^^ saiis^es = 0, t/ien e uA"^. 

iii) Fia; a;° e A''. Let ^ be a finite subset S o/N" 5Mc/i i/iaf 

det(tT*(P)(x^^^A(z'')+7)) ^0 for V7 e N" \ S. 
Shrinking U and N if necessary and denoting 

So\u(P; A) : = {u ; ut'^^''' e uAf^ and Pu = 0}, 
Sol[/(P; A)^ : = {u=Y, M^, z)t^^'^+'' ; e c/^^ and 

Pm = mod uAZt^'^"^^^}, 

we see that the natural restriction map 

Solc/(P;A) ^ SoV(P;A)^, 

15 a bijection. Here in particular 

SoluiP;X)^°^ = {uGuA'^;a4P){x,z,X{z))u = 0}. 

Proof. Fix x° G N. Expanding functions in convergent power series of {t, x, z) at 
(0, a;", 2;°), wc will prove the lemma in a neighborhood of (0,a;°,z°). Replacing P 
and the complexification Mc of M by t~^'^^^ o P o t^^^^ and Mc x U, respectively, 
we can reduce this theorem to the previous theorem without the parameter z. □ 

Corollary 3.3. Retain the notation in the previous theorem. Let i = 1. Suppose 

£7*(P)(x,z,A(z)) = for y{x,z) e N xU 

and 

det{a4P){x'',z,X{z)+-f)) j^O for eW\{0} and^z €U\{z°}. 
Then there exists a non-negative integer k such that the following holds. 
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The previous theorem assures that for any (j)o{x, z) G (7-4^ and fixed z Cz U\ {z°} 
there exists a function u{t, x, z) satisfying 

' Pu = 0, 

t~^(-)u\t=o^Mx,z). 

Then t~ ^^^"^ z^ u{x , z) extends holomorphically to the point z = z° . 

Proof. Since the functions Aei{a*{P)[x° , z, X{z) + 7)) have finite order of zeros at 
z = z° for 7 £ S\{0},this corollary follows from the proof of Theorem 13. II (of. p.2p 
for Va° e N" \ {0}). In fact it is sufficient to put k the sum of these orders of zeros 
for 7 e S \ {0}. □ 

Remark 3.4. It follows from the proves of Theorem 13. II and Theorem 13 . 21 that there 
exist differential operators P^{x,z,dx) such that 

Mx, z) = Y, P2ix, z, dx)(j}^{x, z) for a e N" \ S 
in Theorem 13.21 iii). 

Corollary 3.5. Fix (x°,A°) e iV x C" and let V he a neighborhood of X" in C". 
Suppose P e AI{m,'D^) satisfies (|3.5p and 

det(CT,(F)(2;°,A° + 7) -a,(P)(a;°,A°)) 7^ for V7 G N" \ {0}. 

Then shrinking N , M and V if necessary, we have a linear bijection 

Px : SoV(P) {u ; ut'^ e yAZ and Pu = a,{P){x, \)u} ^ v^^, 

u h-^ t^^u\t^Q 

with the coordinate {{t,x),X) G M x V. In particular, we have a bijective map 
Px" ■■ SoIao(P) := {u;ut-^'' e A"^^ and Pu = a^{P){x,X°)u) ^ yl^, 

u t^^ u\t=o. 

Definition 3.6. The map /3a° of SoIao(-P) is called the boundary value map of 
the solution space SoIao(-P) of the differential equation Pu = a^,{P){x,X°)u with 
respect to the characteristic exponent X° . 

Remark 3.7. When n — 1, u ^ SoIao(P) is called an ideally analytic solution of the 
equation Pu = cr^{P){x, X°)u in |K0| . 

The following theorem says that Soly (P) and cr* (P) characterize P E T>^,. 

Theorem 3.8. Let P be an element of M{m,'D^) satisfying the assumptions in 
Corollary Let P' € M{m,V^) with a^{P) = a^{P'). Then the condition 

Soly(P) = Soly(P') implies P = P'. 

Proof Suppose P ^ P'. Put 

Q,/3,7 

Then we can find 7° G N"' \ {0} such that Y.a,p Ta^p^^at^" d'^d^ ^ and ra,p,-^ = 
if 7 < 7°. For v{x) G A"j^ the coefficients of in (P - P')l3^^v{x) show 

^^ra^p^^aX°'d^v{x) for VA G F and Vf(x) G A^, 
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which means a contradiction. 



□ 



4. Induced equations 

Retain the notation in the previous section. Moreover we denote by (yP* the ring 
of holomorphic maps of U to for a connected open subset U of C^. 
We recall that the element P of u^* is characterized by the expression 

(4.1) Po.At:^,z)^"9^ 

(a,/3)eN" + "' 

with Pa,p{t, X, z) g u^M and 

Theorem 4.1. Let P G M{m, i/D^,) satisfying the assumption in Theorem lS.Si Hi) 
with E — {0}. Suppose that Pi, . . . , Pp e M{m, iJD^,) satisfy 

p 

(4.2) [p,p,] = 5,p + ^r,,p, 

with Si e M{m,ifD*) and Tij e A/(m, ^/D*). Suppose moreover a^{Tij) — 0. T/ien 
t/ie map 



(4.3) 



/3a(z) :{u ; i G (7-4^/ arid Pu = P,,u ^ for i = 1, . . . ,p} 

~ t ^ Am icr*{P){x,z,\{z))v = 0, 



Ul—it 



\t=0 



is a bijection. 

Proof Since (t-^(^)p,u)|t=o = ct* (P,)(a;, z, A(z), a:r)i"^^''^u|t=o, Theorem [XD as- 
sures that we have only to prove the surjectivity of the map to get the theorem. 

For a given v in the element of the set, we have u S t^^'^^uA^j such that Pu = 
and t-^(^)u|t=o = V. Then PP^u = X;j=i TijPjU, namely, 

/P-Pn -Ti2 -Pia ••• -Pip \ /Piu\ 
—721 P — T22 — P23 
— P31 — P32 P — 



pi 



P 



p2 



P 



p3 



-P 



2p 



-P 



2p 



P2U 
P3U 



0. 



P-TppJ \PpuJ 



Since a^,{Tij) — and i '*'*-^''Pju|t=o = for j = 1, . . . ,p. Theorem 13.21 i) assures 



PjU = 0. 



□ 



Definition 4.2. The system of differential equations 

a^{P){x, z, X{z))v ^ (7^{Pi){x, z, X{z),dx)v = for i = 

in Theorem 14. II is called the system of induced equations with respect to the bound- 
ary value map P\(z) (cf. (|4.3p ). 

Remark 4.3. i) Suppose P G M(m, i/D^,) satisfies the assumption in Theorem 14.11 
Let Q e M(m,c/D*) such that [P, Q] = and cr* (Q) (x, z, A(z)) = 0. Then if 
u e t^^^^u^M satisfies Pu — 0, we have Qu = 0. 

ii) Let p be the rank of an irreducible semisimplc symmetric space G/H. The 
ring of invariant differential operators on G/H is isomorphic to C[Pi, . . . , Pp], where 
Pj are algebraically independent and satisfy [Pj, P,] = for 1 < z < j < p. Under a 
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suitable coordinate system (ti, . . . ,tn,xi, . . . ,Xn') of a natural realization oi G/H 
constructed by [06J, G/H is defined by ti > 0, . . . , i„ > 0. Then n is the real 
rank oi G/H and Pi e \ if n < p. It is shown in [06] that we can choose 
P e X]^=i such that P, Pi, . . . ,Pp satisfy the assumption in Theorem 14. II 

5. HOLONOMIC SYSTEMS OF DIFFERENTIAL EQUATIONS WITH CONSTANT 

COEFFICIENTS 

In this section • • ■ , is simply denoted by d. For /i = (^i, . . . , /i„) e C" 
and y = {yi, ■ ■ ■ ,yn) ^ K", we put 

(Ai^y) = Aii2/i H ^ ^^nyn■ 

Lemma 5.1. Let Homcjaj (A^, A/") denote the space of C[d]-homomorphisms of a 
<C[d]-module Ai to a <C[d\-module J\f. Then the space is naturally a C[d]-module. 
Let O be the space of formal power series of y = (yi,...,?/„) and let 0(C") be 
the space of entire functions on C" 3 y. Suppose M is a finite dimensional C[9]- 
module. Then 

Homc[a](X,C[zj]e<^'^>) ^Homc[a](A^, CMe<^'^>) 

AeC" A6C" 

^^■^^ ^Homc[a](X,0(C")) 

^ Homc[a](A^,C'), 
(5.2) dimHomc[a](X,0(C")) =dimA^. 

If M' is a quotient C[d]-module of Ai such that 

Homc[ai(X',0(C")) ^ Homc[9,(Al,0(C")), 

then M ^ M'. 

Proof. For /i = (/ii, . . . , /i„) G C", let denote the maximal ideal of C[d] gener- 
ated by ^ — fii with i = 1, . . . ,n. Then we have M ~ A^Ai ® • • • ® A^a„ with 

suitable Xi, — {X^^i, . . . , Xu,n) & C" and C[9]-modules satisfying tn| A^a„ — 
for a large positive integer k. Hence we have only to prove the lemma for each Ai\^ . 
By the outer automorphism i— > + X^a for i — 1, . . . , n which corresponds 

to the multiplication of the functions in ©(C") or O by e^^'*''^'^^ we may assume 
m§7W = 0. 

Suppose m^M = 0. Then Homcfgj C[y]) ^ IIomc[a] O) and ()5.ip is 
clear. Since O is the dual space of C[9] by the bilinear form {P{d),u) = P{d)u\x=o, 



()5.2p is clear. The last statement follows from (|5.2p . □ 
Definition 5.2. A finite dimensional C[9]-niodule Ai is semisimple if 

Homc[a](Al, Ce<^''^>) ^Homc[a](Al,0(C")). 

AeC" 

Let J7 be a convex open subset of C^, where £ is a non- negative integer, and let 
I0\d] and [/C(C") be the space of holomorphic maps of U to C[9] and that of U to 
respectively. 

Proposition 5.3. Let r be a positive integer and let jjAi be a finitely generated 
uC[d] module with dim^A^ = r for any fixed z U . Assume that there exist 
positive integer k and finite number of holomorphic maps A; of U to C" such that 
{Yiiei (z))u-^ — for any z E U. Here the indices i run over a finite set I. 
Then there exist iJC[d\-homomorphisms ui, . . . ,Ur of ijAi to ijO{C'^) such that they 
are linearly independent for any fixed z E U . 
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Let I = Ii [J ■ ■ ■ U II be a decomposition of I such that 

Xi{z) 7^ Aj(z) for Vz e C/ if i ^ and j € and I < fi < v < L. 
Then we can choose {ui ; i G /} such that for each Ui there exists satisfying 
(5.3) u, e Hom^[a] [uM, ^ e^^'^^'^-^^ C[y]) for any fixed z € U. 

Proof. Let {t^i, be a system of generators of jj-M. We identify the homo- 

morphisms of jj-M to uO{C") with their image of {wi, . . . , Vm} and hence Uj{y, z) S 
[/C(C")'". Note that we can find [7C[9]-homomorphisms ui{y,z), . . . ^ Ur{y, z) of uM. 
to (/©(C") if we replace 0{U) by its quotient field. 

Fix a point z° e [/. Let 7(i) be a holomorphic map of {< G C ; |t| < 1} to t/ such 
that 7(0) = z° and Uj{y,"f{t)) are holomorphic and linearly independent for < 
\t\ < 1. Then [OS) Proposition 2.21] assures that there exist meroniorphic functions 
Cij{t) such that the functions Vi{y,t) — '^^j^i Cij{t)uj{y,j(t)) are holomorphic at 
t = and that vi{y,Q), . . . ,Vr{y,0) are linearly independent. We can find Pi € 
C[9]™ such that {Pi,Vj) = Sij for 1 < i < r and I < j < r. Here we put 
((Qi, • . • , Qm), (/i, . • . , /m)) := EZi QA.Um for e and e 0(C")™. 

Put A{z) — I (i'i, Uj) j which is a matrix of meromorphic functions on U 

l<j<r 

and detyl(z) is not identically zero. Let Cij{z) are meromorphic functions on U 
such that {Pi,Uj) = Sij by putting Ui = J^j^i 

Suppose z) is not holomorphic at z = z". Then there exist a positive integer 
L and a holomorphic function 7 of {t e C ; \t\ < 1} to [/ such that 7(0) = z° and 
the function w{y, t) := t^Ui{y, 7(i)) is holomorphically extended to the point t = 
and moreover w{y, 0) 7^ 0. Then w{y, 0) defines a C[9]-homomorphism of i/M to 
0(C") at z = z°. But 0), vi{y, 0), . . . , Vr{y, 0) are linearly independent because 
{Pi,w{y, 0)) = for i = 1, . . . , r, which contradicts to (|5.2p . 

Hence for any z° G J7 we can construct z), . . . ,Ur{y, z) which are linearly 
independent and holomorphic in a neighborhood of z° G ?7. Then the theorem 
follows from the theory of holomorphic functions with several variables because U 
is a convex open subset of C^. 

Since we have a decomposition jjAi — u-Mi ® • • • © u-Ml such that the module 
(riie/^ ^Xi(z))u-^v vanishes for = 1, . . . , L, we can assume (|5.3p . □ 

Example 5.4. Let be a finite reflection group on a Euclidean space M". Let 
C[pi, . . . be the algebra of Ty-invariant polynomials on K". For example, 
Pkix) ~ Si<ji< - <jfc<n ^ii ■ ' ' ^jfc • Then the system of differential equations 

M\ : Pi{d)u =^ p.,(X)u for i = l,...,n 

with A G C" is a fundamental example of a ;7C[9]-module in Proposition [STSl Here 
[/ = C" 9 A and r — The system is semisimple if and only if wX ^ X for 

Vw G \ {e}. When A = 0, the solutions of this system are called harmonic 
polynomials for W. In this case, an explicit construction of solutions is given by 
[05j such that ui(X,y), . . . , u, (A, y) are entire functions of (A, y) G C^" and linearly 
independent for any fixed A G C". 

Remark 5.5. We will apply the result in this section to our original systems with 
the coordinates ti —~y' for i — 1, . . . ^n. Then C[9] and ^^'^-'^ f{y) change into C[i?] 
and logii, . . . , — logi„), respectively. 
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6. Ideally analytic solutions for complete systems 
In this section we will study the system of differential equations 

(6.1) M:PiU = fori = 0, 

with Pi G M{m, ijD*)- Here z e [/ is a holomorphic parameter and J7 is a convex 
open subset of C^. We assume that a^{Pi) do not depend on x € N . We moreover 
assume that P = Pq satisfies p.l|) and the system 

(6.2) M:a,{Pi){z,i9)u^0 for i = 0,l,...,q, 

which we call indicial equation, satisfies the assumption of Proposition l5.3l Then we 
call M a complete system of differential equations with regular singularities along 
the set of walls {Ni, . . . , Nn}. 

For a non- negative integer k let C[logi](fc) denote the polynomial function of 
(log^i, . . . , login) with degree at most k. Put C[logi] — IJ^^ C[logi](fc). 

Definition 6.1. A solution u{t,x,z) of A4 with the holomorphic parameter z is 
called an ideally analytic solution if u{t,x,z) € ^^^j^ t^C[logt]^^ for any fixed 

zeU. 

First we will examine the system A4 without the holomorphic parameter z or U 
is a point. Then let {ui = t^^Vi{\ogt) ; i = 1, . . . , r} be a basis of the solutions of 
(|6.2p . Here Vi{£,) £ C[^] and these Xi are called exponents of the system M. We 
define 

e{ui) := Xi, 
deg{u^) := degui. 
We may assume that for any A € C" and k G N 
{ui ; {e{ui), deg(ui)) = (A, k)} is empty 

or hnearly independent in the space t^C[logt]''^-^/t^C[\ogt]^_-^^y 

Definition 6.2. Let u{t,x) be an ideally analytic solution of M. Then a non-zero 
function 

(6.3) w{t, x) = ^ t^p,{\ogt)(l),{x) 

with suitable A £ C", Pvi^^ G C[^] and (fivix) G AJ^j is called a leading term of 
u{t, x) if 

u{t,x)-w{t,x) e t''C[\ogt]AZ 

and A is called a leading exponent of this leading term. If {wi{t, x), . . . ,Wk{t, x)} is 
the complete set of the leading terms of u{t, x), we say J2^=i 'U'i{t, x) the complete 
leading term of u{t,x). 

Then we have the following theorem. 

Theorem 6.3. The leading term (|6.3p of an ideally analytic solution u{t, x) of M 
is a solution of (16. 2p . Hence there exist (f>i{x) e Am such that 

(6.4) w{t,x) ^ J2 u^{t)<j),{x). 

In particular, X is an exponent of M . 
Assume 

(6.5) det(T,(Pi)(e(u,) +7) 7^ /or 7 G N" \ {0}. 
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Then for any 4>{x) S An there is a unique solution of M in the space 
whose leading term equals (j){x)ui. Denoting the solution by Tu.{(f)), we have the fol- 
lowing bijective isomorphism if ()6.5p is valid for 1 < i < r. 

r 

(6.6) A^pf — > {ideally analytic solutions ofAi}, {(pi) i-^ Tg. (</>,;). 

1=1 

Proof. Examining the equation Pu{t,x) — modulo J2 t^eC" t'^C[logt]A^, we 

have a^.{P){i))w{t,x) = and thus 

Put A = e{ui). First suppose deg(ui) = 0. Then under the condition (|6.5p . 
Theorem 13 . 1 1 assures the unique existence of <p{t, x) G A^ such that Pit^(j){t, x) =Q 
and ^'^'■"'^0(0, x) = 4>{x)ui{t) and moreover Theorem 14 . 1 1 assures Pjt^(l)(t,x) = 0. If 
there exists another solution u E t'^CllogtjAJ} of Ai with the same property, the 
leading exponent A' oi u — u satisfies A' — e{ui) € N" \ {0}, which contradicts to 
(I6.5p . Thus we have proved the required uniqueness of the solution. 

Next suppose Ui = t^Vi{\ogt) with degu^ > 0. Let ^ be a vector space spanned 
by the components of elements of C[d^]vi{^) and let {wi{£_), . . . , Wq{^)} be a basis 
of V. Here we may assume C[d^]'Wk & J2i^=i '^^i^ for fc = 1, . . . , g. Let u be the 
vector of size qm with components u^w^{\ogt) with E t'^A^ for v — 1,. ..,q. 
Then the system M is replaced by a system M with an unknown function u where 
Pi are replaced by suitable Pi £ M{qm,T>^,), respectively. We note that A4 also 
satisfies the assumption of the theorem because det((T*(Pi)) = det(CT*(Pi))'^. Thus 
we may only consider the solutions with components in t^Ai\i. 

For example, if n = n' = 1 and P = {■& — A)^ + t^d^, the solution of the equation 
Pu = in the space t'^Au ® {t^ ^ogt)AM corresponds to the solution of 

fi^-Xf+t^dl 2(z9-A) 
V {d-Xr+t'd', 

in the space t^A\j by the correspondence u — ui + U2 logt. 

To complete the proof of the system we have only to prove that the map ()6.6p is 
surjective. Let u be any ideally analytic solution of M. Then any leading exponent 
of u is an exponent of the system M and therefore we define (j)i{x) by (|6.4p if e{ui) 
is a leading exponent of u and by otherwise. Then if u ^ J2i ^«i(V'): any leading 
exponent of m — T^. (^) is not in the set {e{ui)}, which contradicts the first claim 
in the theorem. □ 

We will return to the case when (|6.ip is the complete system which has a holo- 
morphic parameter z G U C C^. 

First assume that Ai is semisimple for any z E U (cf. Definition l5.2p and that the 
indicial equation A4 satisfies the assumption in Proposition l5.3l bv putting ti = e~^' 
for 1 < i < n. Then the proof of the previous theorem implies the following. 

Proposition 6.4. Assume that M is semisimple for any z E U. Let {ui{x^z) = 
^\i{z) . j _ 2, . . . , r} 6e a basis of the solutions of (|6.2p for any z E U . Here 
fi{z) E 0{U)"^. Assume (j6.5p for any z E U. Then Tu^{(j)) is holomorphic for 
z E U under the notation in Theorem \6.3[ 

To examine the case without the assumption in this proposition, we study a 
generic holomorphic curve 1 1-^ z(t) through the point z° E U where the assumption 
breaks. Hence we restrict the case when £ — 1. 

Suppose £ — 1 and fix z° E U . For simplicity we put z° = 0. Assume that Ai 
is semisimple (cf. Definition 15. 2p for any fixed z E U \ {0}. We will shrink U if 
necessary hereafter until the end of the following theorem. Let {ui, . . . ,Ur} be a 
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basis of the solutions of the indicial equation for \/z E U \ {0}, where Ui are 
u,(t,z) for i = l,...,r 

with suitable /; G 0{U)'^ . Then Proposition 15.31 assures that there exist meromor- 
phic functions Cij{z) such that by denoting 

r 

Wi(t,z) = y^^Cij{z)uj{t,z), 

J=l 

{wi, . . . ,ijUr} is a basis of the solutions of the indicial equation for \/z G U and 
'Wj{t, z) are holomorphic function of {logt, z) G x U. By virtue of (|5.3p . we may 
assume Cij{z) = if Ai(0) ^ Aj (0). 

Then we have the following theorem which is the main purpose of this note. 

Theorem 6.5. Under the notation above, there exist differential operators Rij{x, z, dx) 
such that for any (j){x,z) G u^m, jyi=i'^iii{Rijix, z,dx)4>{x, z)'^ is a holomorphic 
function of z Cz U and an ideally analytic solution of M with the complete leading 
term (j){x)wi{t^ z) for any fixed z Cz U . Moreover the map 

ylJv — * {ideally analytic solutions of A4}, 
{(piix)) 1-^ Tu, {Rij{x, z, dx)<i)j{x)) 

holomorphically depends on z £ U and it is bijective for any z £ U. Here Rij{x, z, dx) 
are holomorphic functions of z £ U\{0} valued in the space of differential operators 
on N and may have at most poles at z = and moreover 



Rij {-^ J ^1 ^x) 



if A,(0)-Aj(0) ^ 

cy(z) zf A,(0) = Aj(0). 



Proof. We will inductively construct Rij {x, z, dx) according to the number L(Xj) = 
S"=i Here Xj = {Xj.i, ■ ■ ■ , Xj^n) and ^( denotes the real part of ^ G C. 

Fix a positive integer k with k < r. By the hypothesis of the induction we may 
assume that Rij have been constructed if L{Xj) > L(Afe). Put = Cik{z). We 
inductively define i?^-^'' for = 0, 1, ... as follows. Put 

r 

E {R^Ui^, z)) = ^-"'^i:^ {t,x) + --- + z- Vi''^ (t, x) + 4-^) {t, X, z) 
1=1 

with (ji'^^t^x, z) e u^M- Suppose > 0. By the analytic continuation of 
z"'^ X^i ^"i (^ifc -2)) I it is clear that 4'i^,^{t,x) is a solution of Al at z = 0. 
Any leading exponent fi of (j)ii,}{t,x) satisfies fi — Afc(O) G N" \ {0} and hence the 
complete leading term of cjfii'} {t, x) is 

^ Vf)(x)u;,(i,0). 

Aj(0)GA;.(0) + (n"\{0}) 

Note that Vf^(a;) = P^'^Hx, dx)<j){x) for some differential operators which do not 
depend on Put P^''\x, dx) = if Aj (0) - Afc(O) ^ N" \ {0}. Hence 

r r r 

(6.7) i^^ki^, z, dx)<l>{x)) -EE ^'""^^^ (^^^■(^' ^' 9.)P^'^\x, dx)m) 

i—1 i—1 j—1 
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has a pole of order less than Uk ■ Defining 

r 
3=0 

inductively, we have Rij{x, z,dx) = R^l^\x, z,dx) for certain v such that the left 
hand size of (|6.7p is holomorphic at z = 0. □ 

Remark 6.6. Let Pi G 'D.^, for i = 1, . . . , n satisfies 

= E"=i%-^- for l<i<]<n, 
(T^,{Pi) do not depend on x £ N, 
{e e C" ; a,(Pi)(0 = • • ■ = S*(^n)(0 - 0} - {0} 

with some Riji, G I?* satisfying a-^,{Riji,) = 0. Then for a suitable positive integer 
L there exist Ri e C['i?] such that 

fordP, + ordi?, = 2L, 

by putting 

n 

Then {Pq, ■ • • , ^'n} satisfies with S" = and cr*(Pij) = because 

71 n 

[Po, P,] - ^([Po, i?,]P, + J2 R^R^j'^Pu) 

i=l i/=l 

and (T^{[Po,Ri]) = a^{RiR^j^) = 0. 

In this case let A° be an exponent of the system PiU = (1 < ? < n). Then for 
a suitable p € C" and a positive integer k, the system 

uM : (P. - a4P)(A° + = ^P.(P. - 't,(P)(A° + = 

satisfies the assumption of Theorem 16.51 for U — {z E C; \z\ < 1} by changing the 
lower order terms of Ri if necessary. Hence we can analyze the ideally analytic 
solutions of M by the analytic continuation of the parameter z to the origin. 

Theorem 6.7. Retain the notation and the assumption in Theorem \6.5\ Let r' be 

the dimension of the finitely generated <C[d]-module 

m q m m 

j = l i=0 k=l j=l 

Suppose n' = and r' < r. Then r' = r and any solution of A4 defined on a 
small connected neighborhood of {t°,x°) € M with z — z° and < \t°\ <C 1 for 
j — I, ... ,n is an ideally analytic solution given in Theorem 1 6. 51 In particular the 
dimension of space of the solutions equals r. 

Proof. Let for j/ = 1, . . . , r' be elements of X^JLi '^^I^l'^j whose residue classes 
form a basis of A^". Fix z = z°. Then in a neighborhood of {0,x°) 

r r' q m m 

J2 AMi-dju, = J2 + E E -^A^ t*^] J2^p^)kJUJ. 

j=l i/=l i=0 k=l j=l 

Let w be a column vector of size r' with components w^,. Then the system M 
implies 

J\f : i^jW = Qj{t)w for j = 1, . . . , n 
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with suitable Qj € M{r',AM)- Then any solution w{t) of A/" on a neighborhood 
of {t°, x°) is analytic and w = if w{t°) = 0. Hence the dimension of the space of 
solutions of M is smaller than or equals to r'. But we have constructed r linearly 
independent solutions in Theorem 16.51 Hence we have this theorem. □ 

Remark 6.8. Retain the notation in Theorem 16. 71 Suppose q — n — 1, [Pi, Pj] — 
for < i < j < q, a^{Pi) are diagonal matrices and 

UeC";a,(P,)(e) = for z = 0, . . . , g} - {0}. 

Then r' = r and r' = m Jli=o '^^'^ ■ 



7. Examples related to SL{7i,M.) 

For a connected real reductive Lie group G and an open subgroup H of the fixed 
point group of an involutive automorphism a of G, the homogeneous space G/H 
is called a reductive symmetric homogeneous space. Then in a suitable realization 
X of G/H constructed by [06] . the system of differential equations that defines 
the simultaneous eigenspace of the elements of the ring D(G/iJ) of the invariant 
differential operators on G/H has regular singularities along the boundaries of G/H 
in this realization. It is an important problem to study the eigenspace. For example, 
see [K-j in the cases of Riemannian symmetric spaces. 

Note that the Lie group G is identified with a symmetric homogeneous space of 
G X G with respect to the involutive automorphism cr of G defined by a{gi,g2) = 
(52,31) for (31,52) (z Gi X G2 and that any irreducible admissible representation of 
G can be realized in an eigenspace of ©(G). 

In this section we will consider differential equations related to the Lie group G = 
5i(n,R), which give examples of the differential equations we study in this note. 
The element of the Lie algebra sl(n, K) of G is identified with that of M{n, M) whose 
trace equals 0. Let Eij be the fundamental matrix unit whose («, j)-component 
equals 1 and the other components are 0. Then s[(n,R) is spanned by the elements 
Eij — Eij — j^{Eii + - ■ ■ + Enn) with I < i < j < n. For simplicity we put Ei — En. 

We identify s[(n,R) with the space of right invariant vector field on G by 

{Xf){g) = -^/(se*^) for X G s[(n,M), / G G°°(G) and 5 e G. 

at t=o 

Here we note that 

for g e G°°(GL(n,M)) and {xij)i<i<n G GL{n,R) because (i, j)-component of 

l<j<n 

{xij) i<i<nEpq equals XipSqj. 

l<i<n 

We first review, by examples, that the invariant differential operators of the 
Riemannian symmetric space G / K has regular singularities along the boundaries 
of the space in the realization constructed in [02| . By the Iwasawa decomposition 
G = NAK with 

K ^ SO{n) = {g e 5i(n,R) ; ^gg = /„}, 
^«i 

(7.1) ^ = a = I ■ ■ _ I ; flj > for 1 < j < n and ai • • • a„ = 1 
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N = 



/ 1 

X21 



1/ 



for j = 1, ... ,77 - 1, 



for 1 < J < i < n 



the Riemannian symmetric space G/K is identified with the product manifold Nx A 

Then the Lie algebra of the 



in— 1 



with the coordinate {tk,Xij) e (0,cx) 
solvable group of N A is spanned by the elements 



Ej, 



d 

dxi. 



E 



d 



S,, 



ior \ < j < i < n, 



y — j^ij — {Ell + • ■ ■ + Enn) for 1 < i < n and 1 < J < 



Eij = E, 

E, :^Eu^ ^^-l -i^r for 1 < i < n, i9o = K+i = 0. 

(n + 2)(,^-l) 



The coordinate {tk,Xij) e 



can be used for local coordinate of the real- 



ization of G/K. 

Let U (0) be the universal enveloping algebra of the complexification g of the Lie 
algebra of G. Then if G = S'L(n,]R), the ring 'U{G/K) is naturally isomorphic to 
the center U{q)'^ of U{q) and U{q)'^ is generated by the elements L2, ■ ■ ■ ,Ln which 
are given by 



det{E,j + 



L„-iA+--- + (-l)"A" 

. A ■ • •^^'^ TT(r,\G 



for A e C (cf. [C^). Here det(Ay) = J2ae6„ sgn(cr)^^(i)i • • • A^(„)„ and U{q)'^ is 
generated by the algebraically independent (n — l)-elements which are the coeffi- 
cients of A'^ for A: = 0, 1, . . . , n — 2. 

Let t be a Lie algebra of SO{n), which is generated by the elements Eij — Eji 
for 1 < i < i < n. 

Since 



det 



E 



1 + 2 
E21 



El- 



ij={Ei + ^)iE2-^) 



E21E12 



= {El + ^){E2 - i) - Ell mod U{2)t 

= -{^ - t^dl = -t^df + dl)-\ with ^ = , 

we see that D(S'L(2, R)/5'0(2)) = C[<2(|i + ^)]. Here SL{2,^) j SO{2) is re- 
alized in the upper half plane {x ^ it\ {t,x) G (0,oo) x R} and A2 has regular 
singularities along the real axis. On the other hand, the explicit form of the vector 
field Lx defined by the translation e""^ -p for s e M, X e g and pe SL{2,R) /SO{2) 
is given by 

Le2i = -dx, + xdx, Lei2 = 2x7? - (i^ - x'^)dx. 

When G ^ SL{3,R), we have 



= (Si + l-A)(^2-A)(S3-l-A) 



+ 1 — A E12 Ei3 
E21 -B2 ~ A £'23 
E31 E32 E3 — 1 — Xj 

+ E21E32E13 + E31E12E23 — {Ell + 1 — A)i?32i?23 — E2lEi2{E3 — 1 — A) 
— i?3i(i?2 — A)i?i3 = A3 — A2A — A^ 
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with 

A3 = {El + l)i?2(£'3 ~ 1) + + E^iEi2E23 

— {El + 1)-E32-B23 ^ E2lEi2{E3 — 1) — E31E2E13 

= {El + 1)E2{E3 - 1) - {El + l)El^ - {E3 - l)Eii - {E2 ~ l)Eli 

+ 2E21E32E31 mod U{Q)i 
= - l){di - t?2)(i92 - 1) + 2tl4{d^ + yd,)dyd, 

+ {-di - \)ildl - -^2- \)i\tldl - (i?2 - + yd,f, 

A2 = £;2(£^3 - 1) + {El + 1)(£;3 - 1) + {El + 1)£;2 

— E32E23 — E21E12 — E31E13 

= E2{E3 - 1) + (E^i + 1)(£;3 - 1) + (£1 + 1)E2 

— EI2 - Ell - Ell mod U{g)t 

= - 1)2 + (^1 - 1)(^2 - 1) - (^2 - 1)' 

~tldl-tltldl~tl{d, + yd.f, 

X ^ X21, y = X32 and z = X31. 

Then I])(5i(3,R)/50(3)) = C[A3, A2], where A3 and A2 are the last expressions 
of A3 and A2 in the above, respectively. This expression of invariant differen- 
tial operators on SL{3,M.) / SO{3) is given by [Ol] to obtain the Poisson integral 
representation of any simultaneous eigenfunction of the operators on the space, 
where such representation is first obtained in the space with the rank larger than 
one. In fact 4A2 and 8A2 + 8A3 are explicitly written there under the coordi- 
nate {s,t,u,v,w) with {s,t,u,v,w) = {t\,t\,x,y, z), which corresponds to a local 
coordinate system in the realization given in |OS| . 

When G — SL{n,M) the second order element L2 of U{q)'-^ is 

i2= E {{E, + '^-^){E, + '^-J)-E,,E,,) 



l<2<_7<n 



d,, = d,. - ^ 



and 0{G/K) ^ C[L2, ■ • • , in] satisfying 

l<ii<i2<-<ifc<n 

? _ f _ i{n-i) 
SI — S« 2 

for fc = 2, . . . , n. 

We will examine more examples. For a in ()7.ip we have 

Ad(a ^)Eij := aEijU ^ ~ o-i ^o-jEij ~ tijEij, 



UU+i- ■ -tj^i iii<j, 

u{Q)t^ J2 u{Qmj-Ej.). 



l<i<j<n 
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Hence 



= {tfj - ^)EijEji + {t~^ - l)EjiEij 
Ad{a^^){Eij - Ej^) ■ Eij - UjEf. = -t^^EjiEij. 



Thus we have 



t: 



2 



(7.2) EjiE.,j - {Eu - Ejj) 



+ (i-'k)2 (Ad(a-i)(g.,, - E,,y + [E,, - E,if) 

^ll-t^ Ad(a-i)(£;„- - E,,) ■ (E,, - E,,) 

(7.3) = t^Ef^ - U, Ad{a-')iE,, ~ E,,) ■ E,,. 

Let (737, Vnj) be a finite dimensional representation of a closed subgroup H oi G 
and C°°(G; Kn) denote the space of V.c:,-vahxed C°°-functions on G. Then the space 
of C°°-sections G°°{G/H] vj) of the G-homogeneous bundle associated to vj is 

{/ e G°°(G; V^) ■ f{gh) = zu-\h)f{g) for Vh e H}. 

Consider the case when H = K. Because of the decomposition G = KAK 
the function / e G°° (G j K\w) is determined by its restriction on KA and by the 
natural map K A ^ KA the restriction can be considered as a function / on 
K Y. A. Then the action of the differential operator L2 to / is 

l<i<j<n 

:{Ad{a-^){E,j - E,if + w{E,j - Ej^^'^ 



2 

' Ad{a-^){E,j - Ej,) ■ vj{E,j - E,,\ 



at (fc, a) ^ K X A, which follows from (|7.2p . Here the induced representation of the 
Lie algebra t of X is also denoted by w. 

Let ((5, Vs) be an irreducible representation of K. Then the (5-component of 
C°°{G/K- w) is an element f C°°{G/K- m) which satisfies 

-^/(e*^.g) ^{5{X)f){g) 
at t=a 

for X E i. Hence the function / is determined by its restriction / on A and the 
action of the operator L2 to / is 

l<i<j<n y 



(1-^1,)^ 



6{Eij - Eji) (g) Tu{Eij - Eji 
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Note that the operator P = L2 satisfies the assumption of Corollary [ 

When G is SL{2,M.) or its universal covering group and / is an eigcnfunction of 
L2, we can put 'cu{Ei2 — £'21) = \/"-Tfc and S{Ei2 — E21) = —\J—\m for certain 
numbers fc and to and 

Put t = e-^ and u = /. Then i9 = - j^ and 

,, , (fc + m)^ fcm 

u +cotha;-u t. — u^ t. — m = A( A + 

4 sinh X 4 sinh f 

d^t; (fc + TO — l)(fc + TO + 1) /cTO , , ,2 

-T^ - -V + = (2A + 1) V. 

dz^ sinh^2z sinh^ z ^ ' 

1 

by denoting v = sinh ^ x ■ u and z = ^ . 

Then for v = sinh'" z ■ sinh 2 2z • v and w = — sinh^ z we have 

, d^u / k — m + 2 , ^ \ dv / k \/k \ 

+ (^ + 2^*1;- (2 -^)(2 +^ + 1)^ = 

and hence / is a linear combination of the functions 

fsinh^ z ■ cosh^ z ■ - A, | + A + 1, ^ + 1; - sinh^ z), 
jsinh"^ z ■ cosh^ z ■ F{f - A, f + A + 1, + 1; - sinh^ z). 

Thus it is clear that the non-zero real analytic solution / defined in a neighborhood 
of the point z = Q exists if and only if A: — m G 2Z. Here F{a, /3, 7; z) denotes the 
Gauss hypergeometric function (cf. [WJ). 

Next we assume H ~ N and tu is a character of N . Then there exist complex 
numbers ci, . . . , c„_i such that 

^(gEi<,<j<„ SijSij-) ^ ^v^(cisi2H hc„_is„_i.„)^ 

The element / S C°°{G/N;w) is determined by the restriction / = JIka and it 
follows from (|7.3p that the operation of L2 to / is 

(7.5) J2 J2 {clti + V^cMEia+i-E.+i^,)). 

l<i<j<n l<'i<n 

Hence if G = 5i(2,R),the eigcnfunction / of ^2 of the (5-component of C°°(G/A^; to) 
with 6{Ei2 — E21) = y/^m satisfies 

- i)2 + clt^ - c,mt + (A + ^f)f\A - 

and hence 

^%fl ^ fn^ cim A(AJ_2)\.,| ^ 

If we put u{x) ~ (/U(e^^)) , then 

u" ~ (cie^^^ - cime~^)u = A(A + \)u. 
Denoting VF(±2cit) = w{t), we have the Whittaker equation (cf. [Wj ) 
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8. Completely integrable quantum systems 
A Schrodinger operator 

fc=i '= 

of n variables is called completely integrable if there exist n algebraically indepen- 
dent differential operators Pk such that 

[Pi,Pj] = for 1 < i < j < n and P G C[Pi, . . . , P„]. 

Under the coordinate system (ti, . . . ,tn) with 

tj\ — , . . . , t^n— 1 — ^ ; — ^7 

the Schrodinger operators P which belong to I?* and have elements Q £ V^, satis- 
fying 

" 04 

Q-^^ + Q' with ordQ'<4 

k=l 

are classified in [08] and proved to be completely integrable (cf. |07j and |09j ). 
They are reduced to the Schrodinger operators with the potential functions R{xi , . . . , 
in the following list. 

^ Cl (sinh-2 £^ ^ 
l<z<_7<n 



(Trig-BC„-reg) 



(C2 sinh-2 xk + C3 sinh-2 ^) , 



fc=i 



(Trig-A„_i-bry-reg) ^ ^1 ^ + E (^^6^'= + Cje^-'') , 

l<i<j<n k=l 

n-1 

(Toda-P'„-bry) Ci ^ 6^'-^'+^ + Cie^"-i+^" C2 sinh"^ ^ -f C3 sinh"^ a;„, 

i=l 

n-1 

(Toda-PC„) Ci ^ e^'-^'+i -f Cae^" + Cge^^". 

i=l 

Here Ci, C2 and C3 are any complex numbers. 

We can generalize the Schrodinger operators in terms of root systems (cf. jOPj ). 
Let S be an irreducible root system with rank n, a positive system of E and 
^ C E a fundamental system of S+ . Then E is identified with a finite subset of a 
Euclidean space R" and 

and 

(8.2) ^ = E|2+E^^"'^^ 

fc=l fc ae* 

are Schrodinger operators of Heckman-Opdam's hypergeometric system (cf. |H0] ) 
and Toda finite chain (cf. [To] ) corresponding to the fundamental system Vt, re- 
spectively. They are in 2?* under the coordinate system 

tf, =e<"'=^^> for k^l,...,n 

with 5* = {ai, . . . , q;„} and known to be completely integrable. 
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If S is of type BCn, then 

S+ = {ci — Cj, Cfe, 2efc ;l<i<j<n,, l<k<n} 

and the Schrodinger operators (|8.ip and (|8.2p correspond to (Trig-i?C„-reg) or 
(Toda-i?C„). If S is of other classical type, the operators also correspond to special 
cases of (Trig-yl„_i-bry) or (Toda-Dn-bry) or (Toda-i3C„). 

The potential functions R{x) of known completely integral quantum systems 
which may not have regular singularities at infinity are expressed by functions with 
one variable. If P2 and P3 are operators of order 4 and 6 with the highest order 
terms X]fe=i ^^'^ Sfe=i ^s"; respectively, this is proved by [Wa| in general. We 

k k 

will examine this in the case when n = 2. 

Theorem 8.1. Let £ be a positive integer. Suppose the differential operators 

(8.3) m Qi^j 

1=0 " i+j<m~2 ^ 

satisfy [P,Q] = and am{Q) 4- *C[o'(^')]. Here R{x,y) and Sij{x,y) are square 
matrices of size i whose components are functions of {x, y) and ct S C. Put 



(8.4) (% - - 97) E ^^r- = n - Krr^ 

with suitable {a,y,b^) G \ {0} satisfying a^bf^ ^ a^jbi, for fi ^ v. Here are 
positive integers and mi + • • • + = to. Then 

L rrijj — 1 

(8.5) i?(x,?/) = ^ (b^x + a^yy Ru,i{avX ~ b^y) 

i/=l i=0 

with TO square matrices of size £ whose components are functions Ru^i (t) of the one 
variable t. 

Proof. The coefficients of Qxm-t^jQyj in the expression [P, Q] for (|8.3p show 

2dxS„i^2^j^j + 2dyS„i-i-jj-i = Cj{m - j)dxR + Cj+i{j + l)dyR 
for J = 0, . . . , m — 1. Hence the theorem follows from the following equation. 



rn — 1 

= 2 ^ (-l)^9^9^"-i"^ (c, (m - + c,+i (j + l)9,i?) 



m— 1 m— 1 

^ (-l)^c,(TO - ])di+'d^~'~m + ^ (-l)^c,+i(j + l)did^~^R 

J=0 j=0 



^ i=0 



□ 
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